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E F F E C T  OF HALL CURRENTS ON THE FLOW OF A CONDUCTING GAS AT 
HIGH FLOW VELOCITIES 

G. M. B a m - Z e l i k o v i c h  

Zhurnal  P r ik ladno i  Mekhaniki  i Tekhnicheskoi  Fiz iki ,  No. 3, pp. 27-34 ,  1965 

In [1] the flow of a compressible fluid was examined for the case 
when the conductivity o = ~ with account for the Hall effect. (Dates 
[2] solves the problem of the influence of Hall currents on the flow in 
an accelerator for channels having a very small ratio of height to 
length when the velocity component in the direction of the channel 
height may be assumed to be zero. The problem of the influence of 
Hall currents on the flow of a conducting gas of finite conductivity is 
solved below for the case when the gas is accelerated to high veloci- 
ties (~ 50-100 km/sec) with account for the presence of two veloc- 
•ty components. 

w We shal l  c o n s i d e r  the s teady flow of a conduc-  
t ing gas in a channel  of r e c t a n g u l a r  shape and con-  
s tan t  c r o s s  sec t ion .  We d i r e c t  the x axis  a long the 
channel  ax is ,  the y axis  in the d i r e c t i o n  of i ts  height,  
and the z ax is  p e r p e n d i c u l a r  to the s ide  wal l s .  Our 
ba s i c  a s s u m p t i o n s  a r e  as fol lows.  

1. The e x t e r n a l  magne t i c  f ie ld  has one component  

d i r e c t e d  a long  the z axis  whose  s t r eng th  H z = H (x) 
m a y  depend on x. S t r i c t ly  speaking,  for  H ~/const  
the component  H x wil l  a l so  be nonzero ,  equal in 

o r d e r  of Magnitude to H x ~ (z0/L)A H, whe re  z 0 i s  
the channel  width, L i ts  length,  and ~ H  the c h a r a c -  

t e r i s t i c  magni tude  of the v a r i a t i o n  in H. In what 
fo l lows we shal l  a s s u m e  that  e i t h e r  A H ~  H 
or  z0/L~< 1. In both c a s e s  Hx.~H, so that  the c o m -  
ponent  of the magne t i c  f ie ld  a long the x axis  may 

be neg lec ted .  
2. The magne t i c  Reynolds  number  R , a ~ t ;  in 

c o m p a r i s o n  with the ex t e rna l  f ield,  the induced m a g -  

ne t i c  f ie ld  m a y  be neg lec ted .  
3. The e f fec t  of v i s c o s i t y  may  be neg l ec t ed  
4. A potent ia l  d i f f e r ence  which v a r i e s  a long the 

length of the channel  r  is  appl ied  to i ts  upper  
and l ower  wal l s ,  but is  such that  the component  

of the e x t e r n a l  e l e c t r i c  f ie ld  a long  the x axis  is 
s m a l l  in c o m p a r i s o n  with the component  a long the 

y ax i s .  
5. The d i s t o r t i on  of the e l e c t r i c  f ie ld  at the 

channel  bounda r i e s  has  l i t t l e  e f fec t  on the gas m o -  

t ion in the r e g i o n  of the channel  under  c o n s i d e r -  

at ion.  
6. The conduc t iv i ty  o is cons tant  in the flow 

r e g i o n  c o n s i d e r e d ;  the quant i ty  k = w ~ is  a l so  
constant ,  w h e r e  w i s  the cyc lo t ron  f r equency  of 
e l e c t r o n  gyra t ion ,  and T is  the f r e e  t i m e  fo r  an e l e c -  
t ron .  We sha l l  a l so  a s s u m e  that  the quant i ty  k is  
not v e r y  s m a l l  (Hall c u r r e n t s  a r e  s igni f icant ) ,  but 
s t i l l  k < 1, so that  1 + k  2 E1 (for example ,  k ~ 0 . 1 - -  

--0.3).  
7. The mot ion  may  be c o n s i d e r e d  t w o - d i m e n s i o n -  

al,  i . e . ,  the boundary  condi t ions  a r e  such  that  al l  
the r e q u i r e d  quant i t ies  a r e  independent  of the z 

coo rd ina t e .  

8. The gas is pe r f ec t  and obeys the Ciapeyron  
equat ion of s ta te .  

9. E v e r y w h e r e  in what  fol lows we sha l l  c o n s i d e r  
a c c e l e r a t i o n  in s t rong  magne t i c  f ie lds ,  when the 
c h a r a c t e r i s t i c  ve loc i ty  values  at tain magni tudes  of 
the o r d e r  u ~ 5.106/107 c m / s e c .  

With these  a s sumpt ions ,  one m a y  neg lec t  the 
p r e s s u r e  g rad ien t  in c o m p a r i s o n  with the m o m e n t u m  
t e r m s  in the equat ions  of mot ion .  

In fact ,  a s s u m i n g  that in the p r o c e s s  of mot ion  
al l  v a r i a b l e s  change by an o r d e r  of magni tude  and 

making  an o r d e r - o f - m a g n i t u d e  e s t i m a t e  of the 
t e r m s  in the component  of mot ion along the x axis ,  

we have 

p~' I p~u~' ~ / ~ T  / u ~ . 

Here  p is  the p r e s s u r e ,  p the densi ty ,  T the t e m -  
p e r a t u r e  of the gas,  u the ve loc i ty  component  of the 

gas on the x axis ,  and R the gas constant .  
F o r  many  gases  and a lkal i  me ta l  vapo r s  at v e -  

l o c i t i e s  u such as we a r e  cons ide r ing ,  this r a t io  has 
a value of the o r d e r  0.001 and l e s s ,  even for  t e m -  
p e r a t u r e s  T ~ 1040 K. 

An e s t i m a t e  of t e r m s  in the y component  of the 
equat ion of mot ion  g ives  

p~' / euv . '  ~ (Rt / u s) ( L2 / Y02). 

H e r e  v is  the y component  of  the gas  ve loc i ty  and 

Y0 the channel  height .  In d e r i v i n g  this  r e l a t i on  it  is 
a s s u m e d  that  v / u  ~ Y0/L.  F o r  a channel  length 
5-10 t i m e s  g r e a t e r  than i ts  height,  and the s a m e  
flow p a r a m e t e r s  as  above,  the r i gh t -hand  s ide  
equa ls  0.025-01.  

In the c a s e  under  cons ide ra t ion ,  Ohm's  law has 
the fo rm (see,  for example ,  [3]) 

j =  ~(E-f-V X H/c)--k(j X H)/ H. 

Here  j is the c u r r e n t  densi ty ,  E the e l e c t r i c  
f ie ld  s t rength ,  H the magne t i c  f ie ld  s t reng th ,  V the 
flow ve loc i ty ,  and c the speed  of l ight  in a vacuum.  

Solving for  the c u r r e n t  dens i ty  componen t s  on 
the x and y axes  and taking into account  the a s -  
sumpt ions  made  above r e g a r d i n g  the e l e c t r i c  and 
magne t i c  f ie lds ,  we obtain 

]x=[~/(l q-k~)][Ex+vH/c--k(Eu--uH/c)], (1.1) 

] ~ = [ 5 [ ( l q - k 2 ) l i E v - - u H / c + k ( E x J r - v H / c ) l .  (1.2) 

The equat ion of cont inui ty  of e l e c t r i c  c u r r e n t  

Ojx / 8x + 0 j y / b y  = 0 then g ives  

E~'-4-(H}c)[v:j--u~'-4-k(u~'-4-v~')]=O. (1.3) 
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Here  Ey = E, and the p r i m e s  and s u b s c r i p t s  denote 
pa r t i a l  d e r i v a t i v e s .  In d e r i v i n g  (1.3) we took into 

account  the fact  that  ro t  E = 0, and a l so  that in v iew 

of the suppos i t ions  which have been  made ,  3 E x /  b x ~ 
(y02/L 2) b E / O y  and that  consequen t ly  5 Ex/SX may 

be d i s c a r d e d  as a s m a l l  quanti ty.  With account  for  
the e s t i m a t e s  made,, the equat ions  of cont inui ty  and 
mot ion  a s s u m e  the f o r m  

(Ou).j + (pv)~' = 0, puu~' + Ovum' = HI,, / c,  
PUVx' -t- Pvvu' = - -  1t1"x / c. (1 .4)  

The s y s t e m  of equat ions  (1.1)-(1.4) is a c lo sed  

s y s t e m  of s ix  equat ions  in s ix  unknown funct ions P, 

u, v, E, Jx and jy. 
We can take  boundary  condi t ions  fo r  the s y s t e m  in 

the fol lowing fo rm:  at a c e r t a i n  c r o s s  s ec t ion  r = 0 
w h e r e  the Hall c u r r e n t s  do not yet  e x e r t  any inf luence,  

al l  the  p a r a m e t e r s  may  be r e g a r d e d  as given:  

u = u 0 o = c o n s b ,  v = 0 ,  p = p 0 0 = c o n s t  at x = 0 .  (1.5) 

In addit ion,  on the upper  and l ower  wal ls  ,we have 

Y0 

y = o a n d y = , j o ,  I E d y = ~ ( x ) .  (1.6) a t  

(i 

The las t  condi t ion e x p r e s s e s  the fact  that  the 

po ten t ia l  d i f f e r e n c e  be tween  the upper  and lower  
channel  wa l l s  is  a g iven quanti ty.  

Sys tem (1.1)-(1.4) may  be so lved,  in the gen e ra l  

case ,  by n u m e r i c a l  methods  only. Thus, we wil l  s e e k  

an a p p r o x i m a t e  solut ion,  expanding al l  the r e q u i r e d  
quan t i t i e s  in s e r i e s  in power s  of k, and conf ining 
o u r s e l v e s  to t e r m s  l i n e a r  in k. We set  

u = uo + kul,  v = vo + kv~, 

P = p 0 + k p l ,  E = Eo § kE1. t1.7) 

Without c a r r y i n g  out the ca lcu la t ions ,  we can 

make  s o m e  g e n e r a l  o b s e r v a t i o n s  about the flow pa t -  

t e r n  in the c a s e  under  e o n s i d e r a t i o n .  In the absence  
of Hal l  c u r r e n t s  (k = 0) the mot ion  in the channel  

would be o n e - d i m e n s i o n a l ,  given our a s sumpt ions .  

Hall  c u r r e n t s  lead  to the a p p e a r a n c e  of a fo rce ,  d i -  

r e e t e d  a long  the y axis  and ac t ing  on al l  the gas p a r -  

t i e l e s .  This  f o r ce  b r ings  about mot ion  in the d i r e c -  
t ion of the y ax i s .  E s t i m a t e s  made  above show that 

in the e a s e  c o n s i d e r e d  the p a r t i c l e  ve loc i t y  in the 
d i r e c t i o n  of the y axis  will  be s u p e r s o n i c .  

Since we a re  n e g l e c t i n g  v i scous  e f fec t s ,  the gas 

p a r t i c l e s  that  a c q u i r e  a ve loc i t y  in the d i r e c t i o n  of 
the y axis  b r e a k  loose  f r o m  the lower  wall ,  whe re  
a r eg ion  of vacuum deve lops .  As a r e s u l t  of v i s -  
eos i t y  and di f fus ion e f fec t s ,  t h e r e  will  not be a c o m -  

p le te  vacuum under  r e a l  condi t ions ,  but t h e r e  wil l  
be a zone of e x t r e m e l y  low dens i ty .  We may  thus 
a s s u m e  that  th is  zone will  have f ini te  conduct iv i ty .  

B r a k i n g  f r o m  s u p e r s o n i c  ve loc i ty  to v = 0 
should occur  at the upper  wall  of the channel .  Thus 
a c o m p r e s s i o n  shock  wil l  a r i s e  at the upper  wal l .  
T h e r e f o r e ,  the channel  f low s e p a r a t e s  into t h r e e  
zones  in the c a s e  under  cons ide ra t i on :  vacuum zone 

at the lower  wall ,  a c o r e  flow in the channel ,  and a 
zone behind the c o m p r e s s i o n  shock  at  the upper  wall .  

If Y0 -- yl is  the height  of the zone behind the cora -  
l + kyl 1, p r e s s i o n  shock,  then one m a y  wr i t e  Y0 - yl = Y0 

as in (1.7). However ,  in the absence  of Hall c u r r e n t s  

k - 0, t h e r e  is no shock,  i .e . ,  y01 = 0. Such co ns id -  
e r a t i o n s  a r e  a l so  val id  for  the height  of the vaeuum 

zone at the lower  wall .  We m a y  thus conclude  that 
the r a t i o  of he ights  of the vacuum zone and the zone 

behing the c o m p r e s s i o n  shock  to the channel  height  
mus t  be of the o r d e r  of k. 

2. We shall  c o n s i d e r  the flow in the c o r e  of the 

s t r e a m .  Since u0, v0, P0, E0 a r e  the va lues  of the v a r i -  
ab les  in the case  when t h e r e  a r e  no Hail c u r r e n t s  

k = 0 and the mot ion  in the channel  is  o n e - d i m e n s i o n -  

al, v 0 = 0 and u0, P0 and E 0 can depend only on x. 
Noting this ,  we subs t i tu te  e x p r e s s i o n  (1.7) in (1.3), 

(1.4), hav ing  p r e v i o u s l y  e l i m i n a t e d  Jx and jy, and 
a l so  in the boundary  condi t ions  (1.5), (1.6). Equa-  
t ing t e r m s  with l ike power s  of k, we obtain a s y s -  
t em of equat ions  fo r  d e t e r m i n i n g  the magn i tudes  of 

the z e r o - t h  and f i r s t  a p p r o x i m a t i o n s  

(9~ = O, 

u0( = O, ]C0,~,' = 0 

p0u0uo,:' := (zH/c)  (E0 - -  u,,ll / c ) ,  (2.1)  

Yo 

Uo=Uoo, Po=Poo at x = O ,  ! E o d y - - ~ ( z ) , ( 2 . 2 )  
o 

(poul + pluo)/- :  ((~oV~)~,' = O, 

(p.u~ § OlUo) uoj  § pouo~qj = ( zH / c) ( /,;~ - -  l t .~/c) , 

poUoVl~' = - -  (al l  / c) ( Hvl  :'c - -  So § Ilu(~ / c),  

1~,,' + (H / c) (r~.( - -  u ~ / +  <, / )  ..... O, (2.3) 

~zi 0, v l = 0 ,  P l = 0  at z = 0 ,  ! l i t d q = O .  (2.4) 
0 

H e r e  the i n t eg ra l  of E 1 is taken o v e r  the whole 
height  of the channel ,  and not o v e r  the height  of the 

c o r e  only. This  may  be done with the d e g r e e  of a c -  

c u r a c y  a s s u m e d ,  s ince  the height  d i f f e r e n c e  be tween  
the c o r e  of the flow and the whole channel  wi l l  be of 

the o r d e r  of k, as was pointed out above.  However ,  
i n t eg ra l  (2.4) is  i t s e l f  a coe f f i c i en t  in the t e r m  of 

o r d e r  k in the s e r i e s  expans ion  of i n t eg ra l  (1.6). 

Thus,  changing  the l i m i t s  of in tegTat ion l eads  to a 
c o r r e c t i o n  of the o r d e r  of k 2 only, i . e . ,  to a c o r -  

r e c t i on  of such an o r d e r  as we e v e r y w h e r e  neg lec t .  

I n t eg ra t ing  equa t ions  (2.1} and taking condi t ions  
(2.2) into account ,  we find 

poUo - -  PooUoo, Eo = cp/Yo, 

uo - -  e -A  ('~) u(m 7-  c,a~oT~ooW~ ~ 
o 

~- i H ~ d x  (2,5) A (z) - @ ........ 

The s y s t e m  of equat ions  (2.3) for funct ions of the 
f i r s t  a p p r o x i m a t i o n  is a s y s t e m  of four  l i nea r  
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f i r s t  o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  I ts  s o l u -  

t ion  m a y  be  r e d u c e d  to the  c a l c u l a t i o n  of q u a d -  
r a t u r e s .  

We s u b s t i t u t e  the  e x p r e s s i o n s  fo r  u 0, P0 and E 0 in 
the  t h i r d  e q u a t i o n  of  {2.3). T h i s  t u r n s  out  to be a 

l i n e a r  e q u a t i o n  in the  unknown func t ion  v 1, not  c o n -  
t a i n i n g  the  d e r i v a t i v e  V:y ; the  c o e f f i c i e n t s  of t h i s  

e q u a t i o n  d e p e n d  on x only.  I n t e g r a t i n g  o v e r  x and 
t a k i n g  v 1 = 0 fo r  x =0,  we ob ta in  

x x 

(cpooUooyo CapoaUoo " 

o 0 

It is c lear  from expression (2.6) that v I is a func- 

tion of one var iable  x only. Taking this into account, 

we find from the f i r s t  equation of (2.3) 

p0ui + Piu0 = 0 Pi p0u i / u 0 . (2.7) 

B o u n d a r y  c o n d i t i o n s  (2.4) fo r  u t and Pi w e r e  u s e d  
in  d e r i v i n g  f o r m u l a s  {2.7). E l i m i n a t i n g  p~ f r o m  
the  f i r s t  and s e c o n d  e q u a t i o n s  of (2.3), we ob ta in  a 
s y s t e m  of two p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  of the  
f i r s t  o r d e r  fo r  d e t e r m i n i n g  the  unknown func t ions  

u 1 and  E 1 

, ~ 2 z H E i ,  
uix + c~poouo~---~ H ui = c?oouoo 

E ~ v ' - - H a ~ v '  = - -  t--H(v~+u~ . (2.8) 

H e r e  v l , u  0 and H a r e  known f u n c t i o n s  of x. 
We d i f f e r e n t i a t e  the  f i r s t  e q u a t i o n  wi th  r e s p e c t  

to  y and s u b s t i t u t e  E l y  ~ f r o m  t h e  s e c o n d  e q u a t i o n  into 

the  r e l a t i o n  thus  o b t a i n e d  

u~.~ v = - -  a H  ~ (vl + u0)~ / c2p00u00. 

I n t e g r a t i n g  th i s  e q u a t i o n  t w i c e  wi th  r e s p e c t  to x 
and y, and  t a k i n g  c o n d i t i o n s  (2.4) in to  a c c o u n t ,  we  

c a l c u l a t e  ut, a f t e r  wh ich  we f ind E i f r o m  the  f i r s t  

e q u a t i o n  of  (2.8) 

x 

z "Y f H~ (vl + u0)j dx + el) (x), 
H I  c2pooUoo 

o 

II CpooUoo , 
E l =  - ~ -  Ul -~  ~ Uix . (2.9) 

H e r e  �9 (x) i s  an  a r b i t r a r y  func t i on  of x wi th  
(0) = 0, s i n c e  u 1 = 0 f o r  x = 0. The  f u n c t i o n  O(x) i s  

d e t e r m i n e d  f r o m  the  l a s t  e q u a t i o n  of  (2.4). We s e t  u 1 
in the  e x p r e s s i o n  fo r  E 1 and i n t e g r a t e  o v e r  y f r o m  
z e r o  to y = Y0. S ince  the  l e f t - h a n d  s i d e  v a n i s h e s ,  we 
thus  ob ta in  an  o r d i n a r y  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  

in @ (x) 

' ~H2 (l) : 

x 

ZyoH f zH ~ H 2 , } ,  2c%o.oo t ~  ,1 (h  + Uo)~ dx + 1t (v~ + Uo)/ 
o 

w h e n c e ,  c o n s i d e r i n g  tha t  r (0) = O, 

x x 

zyo e_A(::)~ ~ zH2 g H ~ ( v i + u o ) , d x  + 
r = ~ .I Lcboouo--~o .~ 

o o 

(vi + up)x'}eA('~) dx . + H  ~ (2.10) 

F o r m u l a s  (2 .5)-(2 .10)  g ive  a so lu t i on  of the  p r o b -  
l e m  p o s e d  fo r  an a r b i t r a r y  d e p e n d e n c e  on x of  the  

m a g n e t i c  f i e ld  H and the p o t e n t i a l  d i f f e r e n c e  ~0 on 
the  e l e c t r o d e s .  If  H = c o n s t  and ~o = c0ns t ,  the  in -  
t e g r a l s  in f o r m u l a s  (2 .5 ) - (2 .10)  m a y  be e v a l u a t e d .  

Wi thout  go ing  t h r o u g h  the  c a l c u l a t i o n s ,  we c i t e  

the  f o r m u l a s  fo r  th i s  c a s e  

uo / Uoo = 1 + U (1 - -  e -~*) + k U  (0.5go*-- y*) x 

x (x*e -'~* - -  e -~* + t) , v / Uoo = kUx*e  -:~*, 

Ec / Huoo = t + U + k U  (0.5y0* - -  Y*) (e -x* + t ) ,  

= aH~L / c~p0ou00, U = - -  t + (~c / yoHuoo, 

x* = ~ x l L ,  y * = ~ y / L ,  y o * = ~ y o / L .  (2.11) 

F o r m u l a s  (2.11) show tha t  when  Hal l  c u r r e n t s  a r e  
p r e s e n t  the  c o m p o n e n t  of  v e l o c i t y  on the  x ax i s  u i s  
g r e a t e r  in the  l o w e r  ha l f  of  the  channe l  y < 0 . 5 y  0, and 
l e s s  in the  uppe r  ha l f  than  when  Hal l  c u r r e n t s  a r e  a b -  
s e n t  (for  k = 0). I n c r e a s e  of  v e l o c i t y  u l e a d s  to  the  
a p p e a r a n c e  of a s t r o n g e r  e l e c t r i c  f i e l d  E in the  l o w e r  

h a l f  of the  channe l .  The  v e l o c i t y  c o m p o n e n t  on the  y 
a x i s  in the  p r e s e n c e  of Hal l  c u r r e n t s  t u r n s  out  to be  
c o n s t a n t  o v e r  the  c h a n n e l  c r o s s  s e c t i o n  in the  f i r s t  
a p p r o x i m a t i o n .  At f i r s t ,  i t  i n c r e a s e s  a l o n g  the  l eng th  
of  the  channe l ,  r e a c h i n g  a m a x i m u m  at  the  c r o s s  
s e c t i o n  x / L  = 1 /? , ,  and  then  d e c r e a s e s .  The  q u a n -  

t i t y  m a x  v = ku00Ue -1 d o e s  not  depend  on A .  The  
func t ion  v ( x / L )  i s  shown in F ig .  1 fo r  d i f f e r e n t  

v a l u e s  of X ; h e r e  V* = v /ku00U.  It i s  c l e a r  f r o m  
{2.11) and F i g  1 tha t  fo r  ~ >_1, t h e  c r o s s  s e c t i o n  
w h e r e  v r e a c h e s  a m a x i m u m  l i e s  i n s i d e  t h e  channe l ,  
and fo r  ~ < 1, o u t s i d e  it .  The  l a r g e r  X, the  m o r e  
r a p i d l y  the  v a l u e  of v c h a n g e s .  In o r d e r  to e x p l a i n  
th i s  b e h a v i o r  of  v we  s h a l l  c o n s i d e r  the  e l e c t r i c  
c u r r e n t  f low in the  channe l .  R e j e c t i n g  s m a l l  h i g h e r -  
o r d e r  t e r m s ,  we h a v e  f r o m  f o r m u l a s  (1.1) and (1.2) 

]v = ~ ( E - - a H / c ) ,  ]:r = ~ [ v H / c - - k ( E - - a H / c ) ]  .(2.12) 

Subs t i t u t i ng  the  v a l u e s  fo r  E, u, and v f r o m  {2.11) 
in  t h e s e  f o r m u l a s ,  and r e t a i n i n g  on ly  the  l o w e s t - o r -  
d e r  t e r m s  we  ob ta in  

iv = (zHuoo / c) Ue -~*, 

h = ( ~ H a o o / c ) k U  ( x * - - t ) e  -~*. (2.13) 

H e n c e  we  h a v e  the  d i f f e r e n t i a l  e q u a t i o n  f o r  t he  
e l e c t r i c  c u r r e n t  l i n e s  and the  l i n e s  of  e l e c t r i c  c u r r e n t  
t h e m s e l v e s  (X* i s  t he  v a l u e  of  x* f o r  y* = 0): 

dx* / d y ,  = ]~/ ]~ = k ( x * - -  ~), 

I x * - - l I = l  X * - 1 1 e  }v" . (2.14) 
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The  p a t t e r n  of  e l e c t r i c  c u r r e n t  l i nes  c a l c u l a t e d  

f r o m  f o r m u l a  (2.14) fo r  A = 4, k =0 .2  and y ~ / L  = 0.3 

i s  shown in F ig .  2. It f o l l ows  f r o m  f o r m u l a  (2.13) 
and F i g .  2 tha t  Jx is  p o s i t i v e  fo r  x* > 1 and n e g a t i v e  fo r  

x* < 1. S ince  x* = k x / L ,  the c r o s s  s e c t i o n  w h e r e  

Jx c h a n g e s  s i g n  l i e s  i n s i d e  the  channe l  fo r  ~ > 1. 
T h i s  i s  c o n n e c t e d  wi th  the fac t  tha t  at  f i r s t  v - 0 

and Jx < 0, a s  i s  c l e a r  f r o m  (2.125. F o r  l a r g e  X ( i .e . ,  
in the  c a s e  of  s t r o n g  m a g n e t i c  f i e l d s )  the  v e l o c i t y  
a l o n g  the  a x i s  u r a p i d l y  a t t a i n s  v a l u e s  c l o s e  to m a x  

u. E - u H / c  then  b e c o m e s  a s m a l l  quan t i ty ,  l e s s  
than  v H / c .  It i s  c l e a r  f r o m  f o r m u l a  (2.12) tha t  
in t h i s  c a s e  Jx > 0. Change  of d i r e c t i o n  of  the  e l e c -  
t r i c  c u r r e n t  c o m p o n e n t  on the  x a x i s  l e a d s  to a 
c h a n g e  of  d i r e c t i o n  of the  f o r c e  a c t i n g  a l o n g  the  y 
a x i s .  Thus ,  b e g i n n i n g  f r o m  the  c r o s s  s e c t i o n  

x* = 1, v, the  c o m p o n e n t  of v e l o c i t y  on the y a x i s ,  
w i l l  d e c r e a s e ,  x* < 1 e v e r y w h e r e  in the  c h a n n e l  fo r  

< 1. Thus ,  fo r  ~ < ] the  ve loc i ty  v i n c r e a s e s  m o n o -  
t o n i c a l l y  a l o n g  the who le  c h a n n e l .  

V' ' ~  

Fig .  1 

With an a c c u r a c y  to t e r m s  of o r d e r  k the  d i f -  
f e r e n t i a l  e q u a t i o n  fo r  c u r r e n t  l i n e s  in the  f low 
c o r e  has  t he  f o r m  

dy*/dx*  = v / ~z ----- kUx* [(t q- U) e x* - - U I  -I �9 

Hence, on integrating, we have 

x* 

y * = Y * + k U  (i + U)g : ' - -  U 
o 

dx* (2.155 

w h e r e  Y* is  the  v a l u e  of  y* on the  i n i t i a l  c r o s s  s e c -  
t ion  fo r  the  c u r r e n t  l ine  unde r  c o n s i d e r a t i o n .  It f o l -  
lows  f r o m  (2.155 tha t  in the  f i r s t  a p p r o x i m a t i o n  the  
c u r r e n t  l i n e s  m a y  be  o b t a i n e d  one f r o m  the  o t h e r  by 
a sh i f t  a l o n g  the  y a x i s .  

Figure 3 shows the form of the current lines in the flow core cal- 
culated from formula (2.15). The solid curve gives the form of the 
current lines for very large values of U (fliis corresponds to small 
values of u00 in comparison with the maximum velocity). The cur- 
rent line for U = i is shown by the broken curve. 

3, We s h a l l  now c o n s i d e r  the  f low beh ind  the  c o m -  
p r e s s i o n  s h o c k  wh ich  f o r m s  at  the  u p p e r  w a l l  of  the  

c h a n n e l .  S ince  the c o r e  f low is  known,  the  f low p r o b -  
•em c l o s e  to the  u p p e r  c h a n n e l  wa l l  i s  s i m i l a r  in the  
e a s e  u n d e r  c o n s i d e r a t i o n  to the  p r o b l e m  of h i g h l y  
s u p e r s o n i c  f low p a s t  a body,  and m a y  be  s o l v e d  by 
the  m e t h o d s  u s e d  in th i s  c a s e  [4] . 

T w o  c i r c u m s t a n c e s  a l l o w  the  s o l u t i o n  of  the  p r o b -  
l e m  to be  s i m p l i f i e d  c o n s i d e r a b l y .  F i r s t  of  a l l ,  e s t i -  
m a t i n g  the  m a g n i t u d e  of v, the  v e l o c i t y  c o m p o n e n t  
on the  y a x i s  beh ind  the  s h o c k ,  we ob ta in  

v / u ~ (!/o-- Y~) / L ~  kyo/ L . f3.1) 

H e r e  yl is  the C o o r d i n a t e  of the  s h o c k .  Since  the 
m a g n i t u d e  of  the  r a t i o  y 0 / L  ~ 0 . 1 - 0 . 3 ,  i . e . ,  of  the  
o r d e r  k, i t  f o l l ows  f r o m  C~.1) tha t  v / u  ~ k  2 beh ind  

the  shock ,  and we m a y  a s s u m e  tha t  beh ind  the 
s h o c k  v ~ 0 wi th  the  a s s u m e d  d e g r e e  of a c c u r a c y .  

0 /Y 20 ,10 y "  

F i g .  2 

Second ly ,  a s  was  po in t ed  out a b o v ~  R T / v  2 m a y  

be  of  the  o r d e r  0 . 0 2 5 - 0 . 1  in the  f low c o r e .  W e w i l l  
t h e r e f o r e  e x a m i n e  be low  in d e t a i l  the  c a s e  when  
the  v e l o c i t y  c o m p o n e n t  a l o n g  the  n o r m a l  to the  
s h o c k  u n i s  m u c h  g r e a t e r  than  the  v e l o c i t y  of sound .  

We m a y  then  a s s u m e  a p p r o x i m a t e l y  [4] 

9 ~ / 9 ~ 2 1 5 2 1 5  u = ~ / u , ~ ~ 2 1 5 2 1 5  

H e r e  K is  the  r a t i o  of s p e c i f i c  h e a t s ,  P~ the  d e n -  
s i t y  b e h i n d  the  shock ,  P~ the  d e n s i t y  in the  f low 
c o r e  in f r o n t  of  the  shock ,  Unl the  n o r m a l  v e l o c i t y  
c o m p o n e n t  beh ind  t h e  s h o c k  and Un* in f r o n t  of the  
shock ,  If the  gas  i s  t o t a l l y  i o n i z e d ,  t hen  i t  m a y  be  
a s s u m e d  tha t  K does  not  c h a n g e  on p a s s i n g  t h r o u g h  

the  s h o c k .  
u~- ~ d e s i g n a t e s  t he  v e l o c i t y  c o m p o n e n t  in t h e  f low 

c o r e  t a n g e n t i a l  to t h e  shock ,  uT 1 the  t a n g e n t i a l  v e l o c -  

i ty  c o m p o n e n t  beh ind  the  shock ,  a t he  ang l e  o f  i n c l i n -  

a t i on  of  the  s h o c k  to t he  u p p e r  c h a n n e l  wa l l  (F ig .4 ) .  
T h e n  the  e q u a t i o n s  

u 1 = u-}  c o s  ~t -~  u ,~ l s in  a ,  v i _=. ~ u ~ s i n a  .~- u r e o s ~  ( 3 . 3 )  

u, = u c o s ~ v s i n a ,  tt, = u s i n a  ,4- v c o s a  (3.4) 

a r e  v a l i d .  

S ince  in ou r  c a s e  v i = 0, i t  f o l l o w s  f r o m  the  s e c -  
ond e q u a t i o n  of  (3.3) t ha t  

t g a  = u ~ / u ,  1 = un l /u ,~  = [ ( • 2 1 5  + t ) l  u , ~  ~ (3.5) 

/ . 5 - -  

[O 

05 

-7- i  j 

f.O Z.0 

Fig. 3 

H e r e  we h a v e  u s e d  the  r e l a t i o n  (3.2) and the  f a c t  
tha t  the  t a n g e n t i a l  v e l o c i t y  c o m p o n e n t  d o e s  not  

c h a n g  i t s  v a l u e  on p a s s i n g  t h r o u g h  the  shock ,  i .e. ,  
e o u71 = uT ~ S u b s t i t u t i n g  the  e x p r e s s i o n s  u n and  u T 

f r o m  (3.4) in (3.5), we ob ta in  an  e q u a t i o n  fo r  d e t e r -  
m i n i n g  tg a :  

v ~ 1 7 6  t) + ( •  v~215  A- t5 = 0 
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where  v ~ and u ~ a r e  the veloci ty  components  on the 
y and x axes in f ront  of the shock. Hence 

t ~~  = u ~ 1 7 6  + ~) + 

• [u~ ~ (• § t )~- - ( •  ~)/(• § t)lv=. (3.6) 

Since u ~  ~  1 / k  is a v e r y  la rge  quanti ty,  the 
plus s ign mus t  co r r e spond  to an a lmos t  n o r m a l  
shock a lmos t  pe rpend icu l a r  to the upper  wall  of the 
channel .  This  has no physica l  mean ing  in r e l a t i on  
to the p rob lem of p l a sma  acce l e r a t i on  by s t rong  
magne t ic  f ields.  Thus,  the minus  s ign mus t  be taken 
in equation (3.6). Confining our se lves  to t e r m s  of 
o rde r  k, we find f rom (3.6) and (3.4) 

t g z t = ( •  v ~  ~ u i = u , l = u . ~  ~ (3.7) 

~ / / / / / 1 / / / / / . , . , 1 / / / / / / / / / / / / / . , / / / / / / /  

Fig. 4 

Equat ions (3.2) and (3.7) allow us to de t e rmine  
the p l a sma  p a r a m e t e r s  behind the shock f rom known 
values  of the p a r a m e t e r s  in f ront  of the shock, and 
a l so  the angle of inc l ina t ion  of the shock. The c u r -  
r e n t  l ines  behind the shock a re ,  with the degree  of 
a c c u r a c y  assumed ,  s t ra igh t  and pa ra l l e l  to the 
channel  wall  (since v 1 = 0). Thus behind the shock 
the equat ions  of cont inui ty  and mot ion  a s s u m e  the 
form 

(pa)~' = 0 ,  p u u / = H ] y / c .  (3.8) 

In tegra t ing  the f i r s t  equat ion and taking (3.2) and 
{3.7) into account ,  we obtain pu = plul = [(K + 1)/(K-- 
--1)]p ~ U ~ In this  equat ion p~ and u ~ a r e  the va lues  
of dens i ty  and veloci ty  in the flow core  in f ront  of 
the shock at the point where  the c u r r e n t  l ine in 
ques t ion  i n t e r s e c t s  the shock�9 Expanding P~ and u ~ 
in s e r i e s  in powers  of k and cons ide r ing  equa-  
t ions  (2.5) and (2�9 we obtain,  with an a c c u r a c y  
to t e r m s  of o rde r  k 2, 

p~176 p u =  [(•215 (3.9) 

Fig .  5 

t inui ty  equation for e l ec t r i c  c u r r e n t  we have for jy 
behind the shock 

Y 

�9 I Oi~ 
y '  

(3.10) 

where  j~ is the value of jy for y -- yl.  
However,  it follows f rom (1.!) that Ojx/OX is of the  

o rde r  of k, and s ince  the in teval  of in tegra t ion  be -  
hind the  shock is  a lso of o rder  k, the in teg ra l  on the 
r i gh t -hand  side of (3.10) will  be of o rder  k 2, and we 
may take jy  = j! with the a s s u m e d  degree  of a c -  
curacy .  Cons ide r ing  this  and a lso  (3.9), we find the 
flow veloci ty  in the zone behind the shock by i n t e -  
g ra t ing  the second equat ion of (3.8) 

x 

a = u 1 + ( x _ ( ~  cpoouoo H],dx . 
El 

(3.11) 

F o r m u l a s  (3.7), (3.9), and (3.11) give the d i s t r i -  
bution of flow p a r a m e t e r s  behind the shock and the 
angle of inc l ina t ion  of the shock for a r b i t r a r y  de-  
pendence on x of the magnet ic  field s t r eng th  H and 
potent ia l  d i f fe rence  ~v . In the case when H and ~v 
a r e  constant ,  we eas i ly  obtain the form of the shock 
f rom the f i r s t  equat ion of (3.7), s ince  dyl /dx  = - t g  a .  
Setting u ~ and v ~ f rom (2.11) in  (3.7), d i s ca rd ing  
t e r m s  of order  k 2 and in teg ra t ing  over  x, we obtain 

z S d x  ~: 

y~* = y~ - - / ~ t J  I 0 + u)e  ~* - [I ' 
t) 

x* ~x ~y (3.12) = ~ - ,  y * =  ~ -  . 

The form of the shock, ca lcula ted  f rom (3.12), is 
shown in  Fig.  5, where  

2 
~1 - - ( •  k ( y Z , _ y 0 , ) .  

The cont inuous curve  is  for U = 3, the broken  
curve  for U = 8. 

07 

t t  

Fig. 6 

Setting the values  for E and u f rom (2.11) in (1.2), 
and d i sca rd ing  t e r m s  of o rde r  k 2, we find for the 
c u r r e n t  dens i ty  jy behind the shock 

We now note that the c u r r e n t  jy in  the second 
equat ion of (3.8) is  a quant i ty  known c o r r e c t  to t e r m s  
of o rde r  k 2 , which can be ca lcu la ted  f rom the flow 
p a r a m e t e r s  in  the core .  Actually,  f rom the con-  

/~ = ( : H ~ o 0  / c) u( , -~*  [ t  - -  0.5 ky* (2 - -  x * ) l .  

Using this  e x p r e s s i o n  for jy, we now de t e rmine  
the ve loc i ty  f rom (3.11) 
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@*, y*) / u00 = 1 + u (1 - -  ,, :,~) - -  

[2 / (• -+ 1)1 U [e .... (~) - -  e -:~.1 + 0.SkU .x 

xy* { - - t  + (i-- z*) e .~-- 

I L2/(• ~ 1)1 [(t.--x*)e-~'+ (l--:~*)e-~"'(~)]}, 

w h e r e  x l*(y)  i s  the  v a l u e  of  x a t  wh ich  the  c u r r e n t  
l ine  y = c o n s t  i n t e r s e c t s  the shock .  T h i s  v a l u e  of 
x*(y)  i s  c a l c u l a t e d  f r o m  f o r m u l a  (3.12). With the  
he lp  of  ( 2 . 1 1 ) t h e  f o r m u l a  f o r  the  v e l o c i t y  beh ind  
the  s h o c k  m a y  be  t r a n s f o r m e d  to 

u ( x , y ) = u [ x ,  y l ( x ) ] - - [ 2 / ( • 2 4 7  x 

• {u ix, yl (x)] - - u  ix 1 (y), g]} (3.13) 

H e n c e  the  v e l o c i t y  on any c u r r e n t  l i ne  beh ind  the  
s h o c k  i s  l e s s  than  the  v e l o c i t y  in the  f low c o r e  in 
f r o n t  of  the  shock ,  by an a m o u n t  equa l  to the  d i f -  

e r e n c e  b e t w e e n  the  v e l o c i t i e s  in the  c o r e  in f r o n t  of 

t h e  s h o c k  in the  channe l  c r o s s  s e c t i o n  unde r  c o n s i d -  
e r a t i o n  and in the  c r o s s  s e c t i o n  w h e r e  t he  c u r r e n t  
l i n e  i n t e r s e c t s  the  shock ,  m u l t i p l i e d  by 2/(K + 1). 

F i g u r e  6 shows  the  p r o f i l e  of u, the  v e l o c i t y  c o m -  
ponen t  on the  x ax i s ,  c a l c u l a t e d  fo r  the  c o r e  f low 

f r o m  f o r m u l a  (2 A1) and beh ind  the  s h o c k  f r o m  
f o r m u l a  (3.13). The  c u r v e s  c o r r e s p o n d  to v a l u e s  of  

the  p a r a m e t e r s  x* = 1, k = 0.2, Y0* = 0.3, K = 5/s, 
U = 3 (con t inuous  l ine)  and U = 8 (b roken  l ine) .  The  
r a t i o  of  u, the  v e l o c i t y  at  a g i v e n  point ,  to u 0, the  
v e l o c i t y  on the  channe l  ax i s ,  is  m a r k e d  off  on the  
a b s c i s s a  a x i s ,  and on the  o r d i n a t e  a x i s  the  r a t i o  of 
the  y c o o r d i n a t e  to the  channe l  wid th  Y0. The  poin t  
of  d i s c o n t i n u i t y  of  t he  c u r v e s  c o r r e s p o n d s  to the  c o -  
o r d i n a t e  of the s h o c k  in the  channe l  c r o s s  s e c t i o n  
u n d e r  c o n s i d e r a t i o n  x* = 1. 
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